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Abstrat
We study the isotropisation of the homogeneous but anisotropi
Bianhi lass A models in presene of a minimally oupled and massive
salar eld with or without a perfet uid. To this end, we use the
Hamiltonian formalism of Arnowitt, Deser and Misner(ADM) and the
dynamial systems analysis methods. Our results allow to dene three
kinds of isotropisation alled lass 1, 2 and 3. We have speially
studied the lass 1 and obtained some general onstraints on salar-
tensor theories whih are neessary onditions for isotropisation. The
asymptotial behaviors of the metri funtions and potential in the
neighborhood of isotropy have also been determined when the isotropi
state is reahed suiently quikly. We show that the salar eld
responsible for isotropisation may be quintessent and that the presene
of urvature favor a late times aeleration and quintessene. Some
appliations are made with the well known exponential law potential
by using our theoretial results but also by help of numerial analysis.
The isotropisation proess with a power law potential is also explored.
We think this work represents a framework able to guide some future
researhes on the isotropisation of homogeneous models in salar-tensor
theories and we argue by disussing briey about some reent results
we have obtained in presene of a non minimally oupled salar eld
or several salar elds.
Please, review the English for style
1 Introdution
Two basi elements used to dene a osmology are a geometry represented
mathematially by a metri and a material ontents desribed mathemati-
ally by a Lagrangian. In this work, we will onsider the isotropisation of the
1
homogeneous but anisotropi osmologies of Bianhi in presene of a salar
eld. Let us begin by explaining what a salar eld is and why it seems
impossible to irumvent in osmology.
By denition, a salar eld is a funtion whih at eah point of spae and
time assoiates a number. A good example is the temperature of a room: in
eah one of its points, one an assoiate a number dening a temperature.
Another example is the gravitational potential φ outside a mass M . These
elds abound in partiles physis and although they were not deteted yet,
one an advane some arguments making their predition natural. Hene,
the best experimentally established theories rest on vetors and tensors elds:
• the eletromagneti interation is desribed by a neutral and massless
vetors eld orresponding to a photon without any harge and an
interation of innite range.
• the weak interation is desribed by a massive vetors eld representing
the W and Z bosons. It means that it is with short range and unstable:
these partiles disintegrate in pairs of other partiles.
• the strong interation is desribed by a massive vetors eld of gluons.
• the gravitational interation is desribed by a tensors eld orrespond-
ing to graviton.
All these vetors and tensors elds orrespond to partiles with integer spin
being respetively 1h¯1 and 2h¯, alled bosons2. It then seems natural to won-
der what a boson of spin 0 would represent: the answer is "a salar eld".
Probably the most known is the eld of Higgs-Englert, introdued in order to
solve a renormalisation problem[1℄ involved by the weak fore: rather than
to impose a mass on bosons propagating the weak fore, it is supposed that
the vetors eld representing them interats with a massive salar eld φ,
i.e. having a potential whih desribes the interation with the vetors eld.
The form of this potential would be U(φ) = k(φ2 − φ20). This eld, whih
one hopes for detetion by the LHC in 2008, gives their mass to the partiles
whih interat with it.
Reasons dierent from those of Higgs an be evoked onerning the presene
of salar elds in partiles physis. Thus, the supersymmetri theories pos-
tulate the equality between the fermioni and bosoni degrees of freedom:
to eah boson(of whih that of Higgs), a fermion orresponds and vie versa.
However, this an be done only by adding some degrees of freedom whih
are introdued with help of salar elds whose potentials U(φ) an be om-
pletely dierent from the one above. Generally these salar elds are alled
1
h¯ is the onstant of Plank divided by 2pi
2
Partiles with half spin belongs to the family of the fermions.
2
dilaton. The supersymmetri partiles ould be essential omponents of the
dark matter. In partiular the lightest of the neutralinos, a state resulting
from a mixture of several supersymmetri partiles, ould be the lightest of
the supersymmetri partiles and a andidate for old dark matter. For a
popular introdution to the supersymmetry theory, one will refer to the book
of Gordon Kane[2℄, "Supersymmetry, unveiling the ultimate laws of Nature".
If these elds are present in partiles physis, it is likely that they populate
the Universe and thus must, like any material ontents, have some osmolog-
ial onsequenes. The rst relativisti salar-tensor theory was the Jordan,
Brans and Dike theory[3℄ in the sixties whih was issued[4℄ of the ideas
of Kaluza-Klein[5℄, Dira[6℄ and Mah. More modern reasons to onsider
salar elds in osmology appear at the beginning of the eighties: the ideas
of Guth on ination gave birth to salar elds alled inatons. At that time
osmology suers from many oneptual problems: why the Universe seems
so at? How ausally disonneted areas at the beginning of times an be
so similar today? Guth[7℄ notied that they would be partially solved if, at
early times, the Universe undergoes a period of ination with an exponential
expansion. For that, the rst idea whih omes to mind is to introdue a
osmologial onstant. However the observations show that its urrent value
would be 10120 time smaller than that predited at early times: it is the
osmologial onstant problem[8℄. A way to solve it is to onsider a massive
salar eld, i.e. having a potential representing the oupling of the eld with
itself and able to play the role of a variable osmologial onstant. Sine the
end of the nineties, the presene of this potential found new reasons to exist
with detetion by two independent teams[9, 10℄ of the Universe expansion
aeleration. One of the most widespread explanations of this phenomenon
would be the presene of a quintessent salar eld whose density and pres-
sure are bound by an equation of state similar to that of a perfet uid and
whose barotropi index would be negative. It then results a negative salar
eld pressure whih would be at the origin of this new and reent period of
expansion aeleration.
With regard to the geometrial desription of the Universe, we will be inter-
ested by the homogeneous but anisotropi osmologial models of Bianhi
for whih the expansion rate depends on the observation diretion: it is thus
an anisotropi Universe on the ontrary traditional models of Friedmann-
Lemaître-Robertson-Walker (FLRW) where the expansion is the same what-
ever the observation diretion. Let us start with a short history of these
models. Luigi Bianhi
3
was born in Parma on June 18, 1856. It was the
student of Ulisse Dini and Enrio Batti at the Eole Normale of Pisa and
beame professor at the University of Pisa in 1886 then the Eole Normale
3
These information ome from http://www34.homepage.villanova.edu/robert.jantzen/
bianhi/bianhi.html#papers.
3
diretor in 1918 until its death in 1928. Its mathematial ontributions were
published in 11 volumes by the Italian Mathematial Union and over a great
number of elds. With regard to the riemanian geometry, he is espeially
known for its disovery of the Bianhi identities whose full demonstration
was given in [11℄(it had disovered them rst one in an artile of 1888 but
had negleted their importane by giving them in footnote). In 1897, by
using the results of Lipshitz[12℄ and Killing[13℄ as well as the Lie[14℄ the-
ory of ontinuous groups, he gave a omplete lassiation of the Riemann
3-varieties isometries lasses, identied by the roman letters I to IX. At
the time, neither general relativity, nor speial relativity existed yet
4
. In
1951, the work of Bianhi was introdued in osmology by Abraham Taub
into his artile "Empty Spaetimes Admitting has Three-Parameter Group
of Motions"[15℄. Spatially homogeneous spaetime have a time dependant
spae geometry whih is thus a homogeneous 3-geometry. Thus, spaetime
has a group of isometry with r dimensions ating on a family of hypersurfae
with r = 3(simply transitive ation), r = 4(loally rotationally symmetri)
or r = 6(isotropi models). The ase r = 3 beame known under the name
of Bianhi osmologies after the artile of Taub. During one deade, the
Bianhi models felt into forgets until the rebirth of General Relativity at
the beginning of the sixties. O. Hekmann and E. Shüking made them
appear again in 1958 in their work "Gravitation, an Introdution to Current
Researh"[16℄. Then it was with the turn of the Russian shool of Lifshitz
and Khalatnikov, joined later by Belinsky (BKL), through their study on the
haoti approah of the initial singularity whih inspired Misner in the USA
and later Hawking and Ellis in the United Kingdom. The Bianhi lassi-
ation was reexamined by C.G. Behr in a work not published but reported
in [17℄ in 1968. Finally an essential ontribution on the Bianhi models was
made by Ryan, a student of Misner, and summarized through its book "Ho-
mogenous Relativisti Cosmologies"[18℄.
Let us explain the physial reasons whih, in our opinion, justify the study
of these models. The Universe suh as we observe it today is very well de-
sribed by the isotropi and homogeneous osmologial models of Friedman-
Lemaitre-Robertson-Walker (FLRW). It was shown by the observations of
the osmi mirowave bakground (CMB) by the satellites COBE andWMAP[19℄.
However nothing enables us to extrapolate these properties of isotropy and
homogeneity at early times before the radiation/matter deoupling. The
question thus arises of knowing why the Universe has these properties whereas
there is an innity of osmologial models not having them. Primarily, two
answers are distinguished:
• It ould exist a quantum priniple whih selets, among the set of the
possible models, the FLRW ones as being the most probable. This
answer rests on the development of a quantum theory of the initial
4
It also exists the axisymmetri anisotropi model of Kantowski and Sahs
4
onditions.
• the early Universe would be inhomogeneous and anisotropi but its
evolution would lead it to a homogeneous and isotropi state (asymp-
toti or temporary) orresponding to FLRW models.
It is this seond point of view whih we will adopt by onsidering that the
Universe is initially anisotropi and asymptotially beomes isotropi. We
will keep the assumption of homogeneity beause the inhomogeneous os-
mologial models are not lassied due to their lak of symmetry. Moreover
we will onsider that this state is reahed asymptotially and not transitory.
Indeed, the observations show that our Universe must be isotropi sine at
least its rst million years and it is thus reasonable to suppose that one
this state reahed, it is stable. To onsider that the Universe is initially
anisotropi thus makes it possible to explain the isotropisation driving pro-
ess rather than to onsider this state in an ad ho way. Another advantage
of the anisotropi models resides in their approah of the singularity in Gen-
eral relativity whih is osillatory and haoti for the most general of them.
It would be shared, aording to the BKL onjeture, by the inhomogeneous
and anisotropi models[20℄ on the ontrary to the FRLW models whose sin-
gularity approah is monotonous.
In this hapter, we will be interested by the isotropisation proess for the
Bianhi lass A models with the aim to onstrain the salar-tensor theories
so that they led the Universe to a stable isotropi state. For that we will use
a method inspired from Wainwright, Ellis et al book "Dynamial Systems
in Cosmology"[21℄. In this book, the dynamial evolution of homogeneous
osmologies without salar eld is desribed using rst order equations sys-
tems obtained thanks to the orthonormal formalism. These equations are
then studied from the point of view of their equilibrium points. We will
proeed in the same way but we will use the Arnowitt-Deser-Misner(ADM)
Hamiltonian formalism and will seek the equilibrium points representing a
stable isotropi state for the Universe.
Most of the results whih will follow were published in [22, 23, 24℄. This
hapter is thus for us an oasion to gather them and to improve them on-
siderably. Indeed, sine these rst papers on isotropisation, some signiant
progress whih we will report here, were made. They onsist of:
• a lassiation of the Universe stable isotropi states in three lasses.
• a lariation of our results range thanks to a disussion on their sta-
bility.
• the use of numerial methods allowing to validate our alulations and
to represent them graphially.
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• some new physial interpretations of our alulations and results.
The plan of this work is as follows. In the setion 2, we mathematially
desribe the geometrial and physial frameworks of this work by writing
the metri of the Bianhi models, the ation and ADM Hamiltonian of the
salar-tensor theories. In the setions 3 and 4, we study the isotropisation
of the Bianhi lass A models. In the setion 5, we analyse the quintessent
asymptotial nature of the salar eld. We onlude in the setion 6.
2 Bakground
This setion mathematially desribes the geometrial and physial frame-
work of this work, namely the Bianhi models metri, the ation and ADM
Hamiltonian of the salar-tensor theories and the method whih we will sys-
tematially use to study the isotropisation proess.
2.1 Metri
The metri that we will use reets the 3+1 deomposition of spaetime,
neessary to obtain the ADM Hamiltonian. It is written:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (1)
N being the lapse funtion, Ni the shift funtions and ω
i
the 1-forms gen-
erating the Bianhi homogeneous spaes. For example for the spatially at
Bianhi type I model, we have ω1 = dx, ω2 = dy and ω3 = dz. We will
hoose a diagonal metri suh as Ni = 0 and the relation between the proper
time t and the variable Ω will be then:
dt = −NdΩ (2)
2.2 Ation
The general form of the ation of a minimally oupled and massive salar-
tensor theory with a perfet uid is written:
S = (16π)−1
∫
[R− (3/2 + ω)φ,µφ,µφ−2 − U ℄
√−gd4x+ Sm(gij) (3)
where the following funtions are dened:
• R is the urvature salar.
• φ is the salar eld. Here, it is minimally oupled beause there is no
oupling between φ and the urvature and thus the gravitation onstant
does not vary with respet to this eld.
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• ω(φ) is the Brans-Dike funtion desribing the oupling of the salar
eld with the metri.
• U is the potential desribing the oupling of the salar eld with itself.
When the potential is not zero, the salar eld is known as massive
otherwise it is massless.
• Sm(gij) is the ation representing the presene of a non tilted perfet
uid with an equation of state p = (γ − 1)ρ, where p is its pressure, ρ
its density and γ its barotropi index suh as γ ∈ [1, 2]. The ase γ = 1
represents a dust uid and γ = 4/3, a radiative uid. Note that Sm
does not depend on φ. If it were the ase, the matter will not follow
the spaetime geodesis and it is likely that suh a deviation would
have been observed.
The onservation of the perfet uid energy-momentum tensor allows to get:
ρ = V −γ
where V = e−3Ω is the Universe 3-volume. One will also dene the pressure
and the density of the salar eld like:
ρφ =
1
2
3/2 + ω
φ2
φ′2 +
1
2
U (4)
pφ =
1
2
3/2 + ω
φ2
φ′2 − 1
2
U (5)
where a prime indiates a derivative with respet to the proper time t.
2.3 Hamiltonian
In this subsetion we look for the ADM Hamiltonian H orresponding to
the ation (3). We follow the proedure desribed in [25℄ and [26℄. First, we
rewrite the ation as:
S = (16π)−1
∫
(Πij
∂gij
∂t
+Πφ
∂φ
∂t
−NC0 −NiCi)d4x (6)
The Πij and Πφ are respetively the onjugate momenta of the metri fun-
tions and salar eld. The lapse and shift funtions here play the role of
Lagrange multipliers. By varying (6) with respet to N and Ni, we get the
onstraints C0 = 0 and Ci = 0 with:
C0 = −
√
(3)g
(3)
R− 1√
(3)g
(
1
2
(Πkk)
2 −ΠijΠij) + 1√
(3)g
Π2φφ
2
6 + 4ω
+
√
(3)gU(φ) +
1√
(3)g
δe3(γ−2)Ω
24π2
(7)
7
Ci = Πij|j (8)
where the "
(3)
" stands for the quantities dened on an hypersurfae and δ is
a positive onstant. We then rewrite the metri funtions gij as
e−2Ω+2βij
It means that Ω stands for the isotropi part of the metri and βij for the
anisotropi parts. Then, using the Misner parameterization [27℄:
pik = 2πΠ
i
k − 2/3πδikΠll (9)
6pij = diag(p+ +
√
3p−, p+ −
√
3p−,−2p+) (10)
βij = diag(β+ +
√
3β−, β+ −
√
3β−,−2β+) (11)
we rewrite the ation under the form
S =
∫
p+dβ+ + p−dβ− + pφdφ−HdΩ
with pφ = πΠφ and H = 2πΠ
k
k, the ADM Hamiltonian. Using the expression
(7) and the onstraint C0 = 0, we nally get the form of H:
H2 = p2++p
2
−+12
p2φφ
2
3 + 2ω
+24π2R60e
−6ΩU +V (Ω, β+, β−)+ δe3(γ−2)Ω (12)
where V (Ω, β+, β−) stands for the urvature terms speifying eah Bianhi
model and given in table 1.
Bianhi type V (Ω, β+, β−)
I 0
II 12π2R40e
4(−Ω+β++
√
3β−)
V I0, V II0 24π
2R40e
−4Ω+4β+(cosh 4
√
3β− ± 1)
V III, IX 24π2R40e
−4Ω
[e4β+(cosh 4
√
3β− − 1)+
1/2e−8β+ ± 2e−2β+ cosh 2√3β−℄
Table 1: Form of the urvature potential V (Ω, β+, β−) for eah Bianhi model.
2.4 Method
The method that we will use to study the Bianhi models isotropisation
proess will be as follows:
• From ADMHamiltonian (12), we determine the Hamiltonian rst order
eld equations.
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• In order to use the dynamial systems methods[21℄, we rewrite these
equations using bounded variables.
• We then look for the equilibrium points representing the stable isotropi
states. We dedue some onstraints on the funtions ω and U dening
the properties of the salar eld and we alulate the exat solutions
orresponding to the equilibrium points.
• We apply our results to some salar-tensor theories usually studied in
the literature, whih will enable us to test their validity.
3 The at Bianhi type I model
The Bianhi type I model is the only one to be spatially at. It thus ontains
the at FLRW solutions. In the rst subsetion, we will study the isotropi-
sation proess without a perfet uid and then, in a seond subsetion, we
will onsider a perfet uid. We proeeded so that these two subsetions an
be approahed separately: in eah of them we wrote the eld equations and
disussed our results.
3.1 Vauum ase
3.1.1 Field equations
The ADM Hamiltonian of the Bianhi type I model when no perfet uid is
present but with a minimally oupled and massive salar eld is written:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU (13)
It omes then for the hamiltonian equations:
β˙± =
∂H
∂p±
=
p±
H
(14)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(15)
p˙± = − ∂H
∂β±
= 0 (16)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(17)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
(18)
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a dot meaning a derivative with respet to Ω. Having hosen Ni = 0 and
using the fat that ∂
√
g/∂Ω = −1/2ΠkkN [25℄, one dedues the form of the
lapse funtion:
N =
12πR30e
−3Ω
H
(19)
The lapse funtion will have the same form in the presene of a perfet uid
or of urvature. In order to nd the isotropi equilibrium points of this
equations system, it is neessary to partially rewrite it using some bounded
variables. The form of the ADM Hamiltonian suggests us dening:
x = H−1 (20)
y = πR30
√
e−6ΩUH−1 (21)
z = pφφ(3 + 2ω)
−1/2H−1 (22)
These new variables have all a physial interpretation:
• the variable x2 is proportional to the shear parameter Σ introdued
into [21℄.
• the variable y2 is proportional to (ρφ − pφ)/(dΩ/dt)2, (dΩ/dt)2 repre-
senting the Hubble funtion when the Universe is isotropi.
• the variable z2 is proportional to (ρφ + pφ)/(dΩ/dt)2.
• Dening the salar eld density parameter Ωφ like the ratio of its energy
density with the square of the Hubble funtion, we dedue from the
last two points that
 Ωφ is a linear ombination of y
2
and z2.
 Ωφ is proportional to y
2
and z2 when the salar eld is quintessent.
One an hek that these variables are bounded by rewriting the Hamiltonian
onstraint in the form of a sum of their squares:
p2x2 + 24y2 + 12z2 = 1 (23)
with p2 = p2+ + p
2−. So that they be real, we will onsider that 3 + 2ω and
U are positive funtions. The rst ondition is neessary to the respet of
the weak energy ondition whih states that ρφ + pφ > 0. The Hamiltonian
equations an be rewritten aording to these variables in the following rst
order dierential equations system:
x˙ = 72y2x (24)
y˙ = y(6ℓz + 72y2 − 3) (25)
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z˙ = 24y2(3z − 1
2
ℓ) (26)
φ˙ = 12z
φ√
3 + 2ω
(27)
where ℓ is a funtion of the salar eld dened by:
ℓ = φUφU
−1(3 + 2ω)−1/2
We thus redued the seven Hamiltonian equations in the form of a system
of four equations with four variables x, y, z and φ, this last one not being
neessarily bounded. This redution of the equations number omes owing
to the fat that the equations of Hamilton show that p± are some onstants
and that β+ ∝ β−. One thus eliminates three from the seven equations of
Hamilton. Our next objetive is then to nd the equilibrium points orre-
sponding to a stable isotropi state for the Universe and whose properties
are dened in the following setion
3.1.2 Denition of a stable isotropi state
Isotropy is dened in the artile of Collins and Hawking[28℄ when the proper
time diverges using the four following properties:
• Ω→ −∞
This ondition says to us that the Universe is forever expanding when
isotropisation ours. Considering that no period of ontration was
observed sine radiation-matter deoupling and that our Universe is
strongly isotropi, this appears justied.
• Let Tαβ be the energy-momemtum tensor: T 00 > 0 and T 0iT 00 → 0
T 0i
T 00 represents a mean veloity of the matter ompared to surfaes of
homogeneity. If this quantity did not tend to zero, the Universe would
not appear homogeneous and isotropi.
• Let be σij = (deβ/dt)k(i(e−β)j)k and σ2 = σijσij : σdΩ/dt → 0.
This ondition says that the anisotropy measured loally through the
onstant of Hubble H0 tends to zero. Indeed, when we measure the
Hubble onstant, we evaluate the quantity Hi =
dgii
dt /gii = dβii/dt −
dΩ/dt. So that it appears to be the same one in all the diretions, it
is thus neessary that dβii/dt << dΩ/dt.
• β tends to a onstant β0
This ondition is justied by the fat that the anisotropy measured
in the CMB is to some extent a measurement of the hange of the
matrix β between time when radiation was emitted and time when it
was observed. If β did not tend to a onstant, one would expet large
quantities of anisotropies in some diretions.
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Within the framework of the Bianhi type I model, we have that dβ±/dt =
−N−1β˙± ∝ e3Ω. Hene, so that β± tend asymptotially to a onstant in a-
ordane with the fourth point, it is neessary that Ω → −∞ in agreement
with the rst one and then, dβ±/dt vanish. However, generally, when the
derivative of a funtion tends to zero in t → +∞, this neessarily does not
imply that the funtion tends to a onstant. It is for example the ase of
the logarithm ln t. Hene the last point in Collins and Hawking denition
implies that the isotropy appears relatively quikly. Note that the vanishing
of dβ±/dt is neessary so that the Universe be isotropi otherwise, H1 −H2
as instane will be dierent from zero whih is not observed. This is an
important point beause in presene of urvature, we will see that the limit
Ω→ −∞ is not suient so that dβ±/dt vanish whereas here it is essential
and is a better justiation than the onvergene of β± to a onstant. Con-
erning the third point, it means that the shear parameter proportional to
x ∝ β˙± = dβ±dt dtdΩ , tends to zero. Consequently, the stable isotropi equilib-
rium points that we are looking for will be suh as:
Ω→ −∞
x→ 0
By examining the equations system (24-26), one notes that there are three
types of isotropi equilibrium states orresponding to these two limits and
making it possible to dene three isotropisation lasses in the following way:
• Class 1: all the variables (x, y, z) reah an isotropi equilibrium state
with y 6= 0. It is the lass whih seems to orrespond to the most
studied salar-tensor theories in the literature.
• Class 2: all the variables (x, y, z) reah an isotropi equilibrium state
with y = 0. In this ase, it is generally not possible to determine the
asymptoti behavior of x with the approah of the isotropy beause
it depends on the unknown way in whih y tends to zero whereas it
is x whih determine the ommon asymptoti behavior of the metri
funtions at the isotropisation time. The lass 2 isotropisation was
observed numerially for a non minimally salar eld in [29℄.
• Class 3: x tends to equilibrium but not neessarily the other variables.
As they must be bounded when Ω→ −∞, that means that they have
to osillate in suh a way that their rst derivative with respet to Ω
osillate around zero. The lass 3 isotropisation was observed numeri-
ally for omplex salar elds in [30℄.
In this work our attention will be onerned with the study of lass 1 isotropi-
sation.
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3.1.3 Study of the isotropi equilibrium states
This setion breaks up into three parts. In the rst one, we alulate the
loation of the isotropi equilibrium points and in the seond one we desribe
the assumptions whih will enable us to derive the asymptoti behaviors of
the metri funtions and potential in the viinity of the isotropy in the third
setion.
equilibrium points
The equilibrium points of the system (24-26) suh as x = 0 and y 6= 0
are given by:
(x, y, z) = (0,±(3 − ℓ2)1/2/(6
√
2), ℓ/6) (28)
In order to reah equilibrium, it is thus neessary that ℓ2 tends to a onstant
smaller than three. Linearising the equation (24) in the viinity of equilib-
rium, it is found that asymptotially when Ω→ −∞, the variable x behaves
like:
x→ x0e3Ω−
∫
ℓ2dΩ
(29)
Assumptions and stability of the asymptoti behaviors
Before further going, this rst alulation (29) of an asymptoti behavior
oers the opportunity to speak about the stability of our results. They an
be separate in three types:
1. The loation of the isotropi equilibrium points.
2. The onditions neessary to their existene.
3. The asymptoti solutions assoiated to the equilibrium points.
However the asymptotial solutions and some of the neessary onditions will
be determined by alulating the exat solutions for eah equilibrium point
and they will be orret only if on one hand ℓ and in the other hand the vari-
ables (y, z) tend suiently quikly to their equilibrium values. Otherwise,
they will be dierent and we are going to explain why.
With regard to ℓ, in order to obtain some of our results in losed form and
omparable between them, we will generally make the following assumption
that we will all "variability assumption of ℓ":
• When near equilibrium ℓ2 tends to a onstant ℓ20, vanishing or not,
with a variation δℓ2 suh as ℓ2 → ℓ20 + δℓ2,
∫
ℓ2dΩ → ℓ20Ω + const (If
ℓ0 = 0, the integral thus tends to a onstant).
We will see in the third part of this setion that it is possible to asymp-
totially determine the behavior of φ(Ω) and thus of ℓ(Ω). Consequently, it
13
is possible to avoid any approximation with respet to ℓ as alulation (29)
shows it above: whatever the speed to whih ℓ tends to its equilibrium value,
the presene of the
∫
ℓ2dΩ term makes it possible to take into aount the
variation δℓ2 of ℓ2 in its neighborhood. In order to show that one an math-
ematially free oneself from this assumption, all the results of the setion 3
will be expressed by taking into aount the integral of ℓ2 and then the vari-
ability assumption of ℓ. Moreover, we will apply these results to the ases of
two salar-tensor theories, respetively in agreement and disagreement with
this assumption.
With regard to y and z, we will make the same type of assumptions as
for ℓ by onsidering that their variations δy and δz when we approah the
equilibrium are suiently small to be negligible. For example, when we
alulate the asymptotial behavior (29) for x, we take into aount the way
in whih ℓ approah its asymptoti value sine we do not make the variability
assumption of ℓ but not that of y whih we simply replaed by its equilibrium
value in the eld equations without onsidering δy. This problem an not
be solved as "easily" as the one in onnetion with ℓ. It is possible that a
perturbative study an bring some answers but it is not guaranteed beause
it ould strongly depend on the speiation of the forms of ω and U as
funtions of the salar eld.
To summarize, all our results implying the alulation of an asymptoti
approah of a quantity in the viinity of equilibrium will be valid when the
Universe reahes suiently quikly the isotropi state. The assumption
on ℓ an be raised while not making the variability assumption but that
seems more diult for the variables y and z. Hene, we will systematially
assume that these variables suiently quikly approah their equilibrium
values. These assumptions will be also valid for the variables k and w that
we will dene later, respetively assoiated with the presene of a perfet
uid and urvature.
Asymptotial behaviors
Applying the variability assumption of ℓ to (29) we have that when ℓ tends to
a non vanishing onstant, x→ e(3−ℓ2)Ω and to e3Ω otherwise. This variable
thus disappears when Ω→ −∞ and the reality ondition of the equilibrium
points is respeted.
At the same time, the equation (24) for x˙ shows that x is a monotonous
funtion of Ω: when x is initially positive (negative), it is asymptotially
inreasing (dereasing). x is thus also of onstant sign. Using the expression
(19) for the lapse funtion N and owing to the fat that dt = −NdΩ, we
dedue that Ω(t) is a dereasing (inreasing) funtion of the proper time
t when x , or in an equivalent way the Hamiltonian, is initially positive
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(negative). Consequently, an initially positive Hamiltonian is a neessary
initial ondition so that isotropy when Ω → −∞ ours at late times. Fi-
nally, a last remark about the monotonous funtions. We an alulate that
dgij/dΩ = −2e−2Ω+βij (1 − β˙ij). Taking into aount what we said on the
monotony of x and the expression for the derivatives of βij with respet to
Ω, it omes that the βij are monotonous funtions of proper time t and that
onsequently eah metri funtion an not have more than one extremum
during time evolution. We had shown this point in a dierent way in [31℄ by
using the ADM Hamiltonian formalism.
To determine φ(Ω), we use the equation (27) for φ˙ whih is written asymp-
totially:
φ˙ = 2
φ2Uφ
U(3 + 2ω)
In this last expression the variability assumption of ℓ is not made but on the
other hand we neglet the variation δz of z in the isotropy neighborhood.
It is the asymptoti form of the solution of this equation whih will give us
the asymptoti behavior of φ aording to Ω. One will thus dedue ℓ(Ω)
and U(Ω) whih are two unknown funtions of the salar eld. In partiular,
to know ℓ(Ω) will make it possible to hek the neessary onditions for
isotropy when Ω → −∞, the variability assumption of ℓ and to alulate
the asymptoti form of the metri funtions Ω(t) and the potential U(t).
Indeed, using on the one hand the asymptoti behavior of x and the relation
dt = −NdΩ and on the other hand the denition of y , it is found that with
the approah of the isotropy Ω and U behave respetively like:
dt = −12πR30x0e−
∫
ℓ2dΩdΩ
and
U = e2
∫
ℓ2dΩ
and then, if we take into aount of the variability assumption of ℓ
dt = −12πR30x0e−ℓ
2ΩdΩ
and
U = e2ℓ
2Ω
This assumption enables us to alulate that when ℓ2 tends to a non vanishing
onstant, the metri funtions tend to tℓ
−2
and the potential to t−2. On the
other hand, when ℓ2 tends to vanish, the Universe tends to a De Sitter
model and the potential to a osmologial onstant. If the assumption is not
heked, it is always possible to determine these asymptoti behaviors but
with some quadratures.
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3.1.4 Disussion and appliations
The results of setion 3.1 are onerned by a minimally oupled and massive
salar-tensor theory without a perfet uid. It is the simplest of the theories
that we will onsider and the method used above will serve us as a guide for
the next setions. We have assumed that U and 3+2ω are positive funtions
and a lass 1 isotropisation. When it is supposed that the funtion ℓ and
the variables y and z tend suiently quikly to their equilibrium values, we
have the following results:
Let us onsider a minimally oupled and massive salar-tensor theory and
the funtion ℓ dened by ℓ =
φUφ
U(3+2ω)1/2
. The asymptoti behavior of the
salar eld to the approah of the isotropy is given by the form of the solu-
tion when Ω → −∞ of the dierential equation φ˙ = 2 φ2UφU(3+2ω) . A neessary
ondition for lass 1 isotropisation is that ℓ2 < 3. If ℓ tends to a non vanish-
ing onstant, the metri funtions tend to tℓ
−2
and the potential disappears
like t−2. If ℓ tends to vanish, the Universe tends to a De Sitter model and
the potential to a onstant.
The variability assumption of ℓ an be raised and the results are expressed
then using the integral of ℓ2 as shown above. They are in agreement with the
"Cosmi No Hair theorem" of Wald[32℄ whih says that homogeneous and
initially expanding models with a positive osmologial onstant (exept the
Bianhi type IX model) and an energy-momemtum tensor satisfying the
strong and dominant energy onditions, tend to an isotropi De-Siter model
for whih the expansion is exponential. Here, when a osmologial onstant is
onsidered or when ℓ→ 0 suh as the variability assumption of ℓ is heked,
the Universe, when it isotropises, tends to a De Sitter model and the po-
tential to a onstant. On the other hand, when ℓ tends to vanish but the
variability assumption of ℓ is not heked, the potential does not tend any
more to a onstant and the Universe does not approah a De Sitter model.
As an appliation, we will examine the ases of the salar-tensor theories
dened by the Brans-Dike oupling funtion
(3 + 2ω)1/2
φ
=
√
2
and the forms of potentials
U = emφ
and
U = φm
It is pointed out that some of our results represent neessary onditions
and that onsequently, when in the appliations below we will speak about
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isotropisation, it is always by keeping in mind that they ould not be su-
ient.
The exponential potential of φ was largely used in the literature. Isotropi-
sation of Bianhi models with this potential was already studied in [33℄ and
thus will enable us to test our results. It was shown that all the Bianhi
models (exept the Bianhi type IX model when it ontrats) isotropised
at late times when m2 < 2. If m = 0 , the Universe tends to a De Sitter
model beause the potential is a onstant and, if not, it is expanding suh as
e−Ω → t2m−2 . If m2 > 2 , the Bianhi type I, V , V II and IX models may
isotropise at late times. Now, using our results, we get that asymptotially:
φ→ mΩ
The neessary ondition for lass 1 isotropisation is then m2 < 6 and the
asymptoti behaviors of the metri funtions are well in agreement with
what was predited in [33℄. The dierene between the results of this last
paper and ours is the nature of the range of m authorizing the isotropisation
sine we nd an upper limit. The gure 1 illustrates the onvergene of the
variables x, y and z to their equilibrium values for m = −1. When m2 > 6
Figure 1: Evolution of the variables x, y and z when
(3+2ω)1/2
φ
=
√
2, U = emφ, R30 =
(
√
24π)−1 and m = −1 with the initial values (x, y, z, φ) = (0.87, 0.25,−0.12, 0.14). ℓ = −1/√2,
x tends to 0, y(πR30)
−1
to
√
3− ℓ2/(6πR30
√
2) = 0.91 and z to ℓ/6 = 0.12 in agreement with the
equilibrium points expression.
, the lass 1 isotropisation is not possible any more beause y equilibrium
value would be omplex. A numeri simulation of this ase is shown on the
gure 2: when m = −3.2, the Universe always tends to an equilibrium state
whih is now anisotropi beause x tends to a non vanishing onstant and
thus the funtions β± desribing the isotropy diverge.
Now let us examine the ase of a power law potential of the salar eld.
Then we get for ℓ:
ℓ→ m√
2φ
and, if a lass 1 isotropisation ours, the salar eld behaves as
φ2 → 2mΩ
We must thus have m < 0 so that the salar eld is real and we dedue
that ℓ2 tends to vanish like m(4Ω)−1. Consequently,
∫
ℓ2dΩ does not tend
17
Figure 2: Evolution of the variables x, y and z when
(3+2ω)1/2
φ
=
√
2, U = emφ, R30 =
(
√
24π)−1 and m = −3.2 with the initial values (x, y, z, φ) = (0.87, 0.25,−0.12, 0.14). Universe
does not isotropise: the system tends to an anisotropi equilibrium point suh as the funtions
β± desribing the anisotropy diverge.
to a onstant when Ω → −∞ but diverges like m4 ln(−Ω) and we must
take aount of this integral in our results: the variability assumption of
ℓ is not heked here. Raising this assumption, one nds then that the
potential tends to vanish like (−Ω)m/2 and the metri funtions tend to
exp
[
( 4−m
48π>R30x0
t)
4
4−m
]
. So that this quantity diverges positively, it is thus
neessary that m < 4 what is always heked sine m < 0. This ase is
illustrated on the gure 3 where it is seen very learly that onvergene
of the variables y and z to their equilibrium values is slow(ompare with
the gure 1 of the previous appliation). This means that the Universe
approahes "slowly" its isotropi state and one ould then think that, in
addition to raising the variability assumption of ℓ, the variations δy and
δz of the variables y and z near equilibrium about whih we speak in the
previous sub-setion should also be taken into aount. However, it seems
that these last orretions are not neessary. This an for instane be heked
by omparing the asymptoti evolution of z orresponding theoretially to
z → ℓ/6 with the numerial integration of the gure 3 for the large Ω values.
Figure 3: Evolution of the variables x, y and z when
(3+2ω)1/2
φ
=
√
2, U = φm, R30 = (
√
24π)−1
and m = −1 with the initial values (x, y, z, φ) = (0.87, 0.25,−0.12, 0.14). x tends to 0, y(πR30)−1
to 1 and z to 0 in agreement with the equilibrium points expression. Let us notie that the
variables y and z tend muh less quikly to their equilibrium values than on the gure 2. This is
due to the "slowness" of the onvergene of ℓ to zero whih then reets on the variation of these
variables.
When m > 0 , a lass 1 isotropisation does not seem possible any more
beause then the salar eld would be omplex. Numerial integrations show
that the initially positive salar eld dereases to zero for a nite Ω value.
Then they fail for negative value, maybe indiating a singularity ourrene.
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3.2 Perfet uid ase
The method is the same one as without a perfet uid but an additional
term appears in the eld equations[23℄ due to its presene. Its equation of
state is p = (γ − 1)ρ with γ ∈ [1, 2]. We will also onsider that the pres-
sure of the non tilted perfet uid is isotropi. It is a simplifying assump-
tion whose onsequene for the Bianhi type I model ould be to inrease
the anisotropies deay(in V −1), thus preventing any observational dete-
tion, whereas the presene of an anisotropi pressure slow down it. In this
last ase, the anisotropy ould then be deteted via the ratio δT/T of the
CMB whih depends on the shear parameter at the time of last sattering
surfae[34℄.
3.2.1 Field equations
This time the ADM Hamiltonian is written:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU + δe3(γ−2)Ω (30)
where δ is a positive onstant. Compared to the previous setion, one thus
sees appearing the term δe3(γ−2)Ω due to the presene of the perfet uid.
The Hamiltonian equations beome:
β˙± =
∂H
∂p±
=
p±
H
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
p˙± = − ∂H
∂β±
= 0
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δ(γ − 2)e
3(γ−2)Ω
H
In order to rewrite these equations, we will use the same bounded variables
x, y and z that previously dened to whih we will add a fourth variable:
k2 = δe3(γ−2)ΩH−2
related to the presene of the perfet uid. This variable is in fat pro-
portional to the density parameter of the perfet uid, one of the main
osmologial parameters usually noted Ωm. This an be shown by heking
that k2 ∝ V −γ/(dΩdt )2 where dΩdt is the Hubble funtion when the Universe
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isotropises. k is not independent of the other variables and an be rewritten
like:
k2 = δxγy2−γUγ/2−1 (31)
k2 = δx2e3(γ−2)Ω (32)
k2 = δy2U−1V −γ (33)
Then, the Hamiltonian onstraint beomes:
p2x2 +R2y2 + 12z2 + k2 = 1 (34)
and the Hamiltonian equations are:
x˙ = 72y2x− 3/2(γ − 2)k2x (35)
y˙ = y(6ℓz + 72y2 − 3)− 3/2(γ − 2)k2y (36)
z˙ = 24y2(3z − ℓ
2
)− 3/2(γ − 2)k2z (37)
φ˙ = 12z
φ
(3 + 2ω)1/2
(38)
with always ℓ = φUφU
−1(3 + 2ω)−1/2.
3.2.2 Study of the isotropi states
One distinguishes two types of equilibrium states aording to whether k ,
i.e. the density parameter of the perfet uid, tends to vanish or to a non
vanishing onstant.
k tends to vanish
As y does not tend to vanish beause we onsider a lass 1 isotropisation,
we dedue from the form (33) of k that U >> V −γ . The equilibrium points
are the same ones as in the absene of perfet uid and thus we nd again
the reality ondition ℓ2 < 3. The asymptoti behavior of x near equilibrium
is obtained starting from the equation (35):
x→ x0e3Ω−
∫
ℓ2dΩ− 3
2
(γ−2)
∫
k2dΩ
(39)
From this expression and the denition of y, we then dedue for the potential:
U → U0e2
∫
ℓ2dΩ+3(γ−2)
∫
k2dΩ
While making use of the asymptoti behavior of x and the denition (32) of
k, it omes:
k2 = δx20e
−2
∫
ℓ2dΩ−3(γ−2)
∫
k2dΩ+3γΩ
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By deriving this expression, one obtains the dierential equation
2kk˙ =
[
−2ℓ2 − 3(γ − 2)k2 + 3γ
]
k2
whose exat solution is:
k2 =
e3γΩ−2
∫
ℓ2dΩ
k0 + 3(γ − 2)
∫
e3γΩ−2
∫
ℓ2dΩdΩ
k0 being an integration onstant. All these results were obtained without
applying the variability assumption of ℓ. So now we take it into aount and
we obtain:
k2 → δx20e(−2ℓ
2+3γ)Ω
It thus follows that k → 0 when Ω→ −∞ if ℓ2 < 3γ2 < 3. Consequently the
isotropisation will our when k → 0 only if ℓ2 < 3γ2 whih is a smaller range
than when no perfet uid is present(then ℓ2 < 3). However, the asymptoti
behaviors of the metri funtions and the potential remain unhanged but if
k suiently quikly does not approah its equilibrium value.
If the variability assumption is not valid, again one must take into aount
the integral of ℓ2. The range of ℓ2 allowing the isotropisation will be always
at least suh as ℓ2 < 3 beause this inequality is independent of any ap-
proximation but it will be modied (or not) dierently by the fat that we
onsider the limit k → 0. Moreover the asymptoti behaviors of the metri
funtions and potential will be dierent from what they are when there is
no perfet uid in spite of this disappearane of k.
k tends to a non vanishing onstant
The isotropi equilibrium points are not more the same ones and thus ei-
ther the asymptoti behaviors of the metri funtions and the potential. For
the rst ones, we nd:
(x, y, z) = (0,±
√
γ(2− γ)
4
√
2ℓ
,
γ
4ℓ
)
after having dedued from the onstraint that
k2 = 1− 3γ(2ℓ2)−1
The equilibrium points will be real if γ is a positive onstant smaller than
2, in agreement with the range of variation of γ whih we speied, that
is γ ∈ [1, 2]. The variable k will be real and the other variables will reah
equilibrium for a not vanishing value of y, thus respeting the denition of
lass 1 isotropy, if ℓ2 tends to a onstant larger than 3γ2 . This neessary
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ondition for isotropy is independent of any approximation. Linearising the
dierential equation for x , we nd that asymptotially:
x→ e 32 (2−γ)Ω
and that the metri funtions tend to
e−Ω → t 23γ
From the denition of y, we dedue that the potential tends to vanish as t−2
what is onrmed by the form (33) of k whih shows that asymptotially
U ∝ V −γ
in agreement with the asymptoti expressions of the potential and the metri
funtions with respet to the proper time t. This last expression makes it
possible to determine the salar eld asymptoti form φ(Ω) aording to the
one of the potential. Let us note that all these asymptoti behaviors are
independent of the variability assumption of ℓ.
3.2.3 Disussion and appliations
Let us summarize our results obtained in the presene of a perfet uid. For
that, we will state them aording to the density parameter Ωm of the perfet
uid whih is proportional to k. When it tends to vanish, we will make the
variability assumption of ℓ otherwise it is useless as shown above. It omes:
Isotropisation with Ωm → 0:
The results are the same ones as without a perfet uid but the range of ℓ2
allowing the isotropisation is redued to ℓ2 < 3γ2 . Moreover, at the time of
the isotropisation the salar eld potential is asymptotially larger than the
perfet uid energy density.
When the variability assumption of ℓ is not made, the things are not so
simple and the results depend ompletely on the way in whih ℓ2 approahes
equilibrium. One an however always alulate them by using the expres-
sions given in the preeding setions and depending on
∫
ℓ2dΩ.
When k tends to a non vanishing onstant, the equilibrium state is dierent
and we nd that:
Isotropisation with Ωm 6→ 0:
Let us onsider a minimally oupled and massive salar-tensor theory and the
quantity ℓ dened by ℓ =
φUφ
U(3+2ω)1/2
. The salar eld asymptoti behavior at
the approah of isotropy an be dedued owing to the fat that U ∝ V −γ: the
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potential of the salar eld is proportional to the perfet uid energy density.
A neessary ondition for a lass 1 isotropisation will be that ℓ2 > 3γ2 , ℓ
2
is bounded and 0 < γ < 2. Then the potential disappears like t−2 and the
metri funtions tend to t
2
3γ
.
This last result shows that the salar-tensor theory tends to General Rel-
ativity with a perfet uid in agreement with [35℄. Then, the presene of the
salar eld have no eet on the asymptoti evolution of the metri fun-
tions. Thus for a uid of dust suh as γ = 1, the Universe tends to that of
Einstein-De Sitter with e−Ω → t2/3 and for a radiative uid suh as γ = 4/3,
to a Tolman Universe with e−Ω → t1/2. Also let us notie that the ranges of
ℓ2 allowing isotropisation when k → 0 and k 6→ 0 are omplementary.
Now we examine our results in the light of the two salar-tensor theories
whih we had onsidered in the absene of a perfet uid in the setion
3.1.4.
Let us start by onsidering an exponential potential. The only dierene
with the results obtained without a perfet uid is the neessary ondition
allowing the isotropisation. When m2 < 3γ , isotropisation should our
with Ωm → 0, and the metri funtions tend to t2m−2 . This ase is illus-
trated on the gure 4 for m = 1. When m2 > 3γ , isotropisation should
our with Ωm 6→ 0, and the metri funtions tend to t
2
3γ
. This ase is illus-
trated on the gure 5 for m = 4. These results are in agreements with those
found in [36℄ for the FLRW models. However, in this last paper, a stable
solution of trakers type suh as Ωm → 0 had also been found when m2 > 6.
Here, we do not nd it sine it does not allow for isotropy.
With regard to the power law potential when Ωm → 0, we know that the
Figure 4: Evolution of the variables x , y, z and k in the presene of a uid of dust (γ = 1)
when
(3+2ω)1/2
φ
=
√
2, U = emφ, R30 = (
√
24π)−1 and m = 1 with the initial values (x, y, z, φ) =
(0.62, 0.25,−0.12,−0.14). All ours as in the vauum ase with k (or equivalently Ωm) tending
to zero.
variability assumption of ℓ is not veried sine ℓ tends to zero but that the
integral of its square diverges like
m
4 ln(−Ω) when Ω → −∞. Moreover, we
showed that m must be negative so that the salar eld be real. Taking into
aount these elements, the alulation of k2 and its integral gives us then:
k2 → k20(−Ω)−m/2e3γΩ
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Figure 5: Evolution of the variables x, y, z and k in the presene of a uid of dust (γ = 1)
when
(3+2ω)1/2
φ
=
√
2, U = emφ, R30 = (
√
24π)−1 and m = 4 with the initial values (x, y, z, φ) =
(0.62, 0.25,−0.12,−0.14). y, z and k osillate to their equilibrium values whih are respetively
−0.0625, −0.088 and 0.90 when ℓ = −4/√2.
and ∫
k2dΩ ∝ Γ(1−m/2,−3γΩ)→ 0
when Ω→ −∞, Γ being the Euler funtion. Consequently, these two quan-
tities also tend to zero when Ω → −∞ without one needing additional on-
dition. Simulations with m = −1 and a dust uid give idential results to
the gures 3.
When Ωm tends to a non vanishing onstant, the salar eld behaves like
φ→ e− 3γm Ω and thus ℓ disappears or diverge, preventing a lass 1 isotropisa-
tion.
4 Bianhi lass A models with urvature
In this setion, we will onsider the presene of urvature by studying the
Bianhi lass A models of types II, V I0, V II0, V III and IX without a
perfet uid. This last model in partiular, ontains the solutions of the
FLRW models with positive urvature.
4.1 Field equations
The ADM Hamiltonian for the Bianhi lass A models with urvature is
written:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU + V (Ω, β+, β−) (40)
where V (Ω, β+, β−) is the urvature potential haraterizing eah Bianhi
model and is given in table 1. The Hamiltonian equations are then:
β˙± =
∂H
∂p±
=
p±
H
(41)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(42)
p˙± = − ∂H
∂β±
= − ∂V
2H∂β±
(43)
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p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(44)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+
∂V
2H∂Ω
(45)
As for the Bianhi type I model, the isotropy means that dβ±/dΩ have to
vanish. But from now on the onjugate moments of the β± funtions are not
any more some onstants and thus dβ±/dt = p±e3Ω: ontrary to the Bianhi
type I model, the limit Ω→ −∞ does not imply any more that dβ±/dt→ 0
and thus that isotropy ours for a forever expanding Universe. We have to
show it. Let us suppose that isotropisation leads to a stati Universe, i.e.
suh as Ω → const, when the proper time diverges. Then, so that dβ±/dt
disappear, it is neessary that p± → 0. However the equations (43) indiates
that dp±/dt ∝ − ∂V∂β± e3Ω. Consequently if Ω and β± tend to some onstants
when t→ +∞, for the Bianhi types II, V I0 and V III models, these deriva-
tive tend to non vanishing onstants and the onjugate momenta p± an not
disappear and the isotropy to our. On the other hand, the things are not
so simple for Bianhi type V II0 and IX models beause if β± → 0, it is the
same for
∂V
∂β±
and one an say nothing on the asymptoti values of p±. We
will further show for these models also, that the isotropy an emerge only
for a diverging value of Ω.
Consequently, for the Bianhi models with urvature, isotropisation an o-
ur only if:
Ω→ ±∞
dβ±
dΩ
→ 0
p±e3Ω → 0
We will see that the third limits are always satised when it is also the ase
for the two rst ones. In what follows, the variability assumption of ℓ2 will
be systematially applied. We did not explore what ours when that it is
raised. Indeed, we will see that the results obtained for the isotropisation of
models with urvature are similar to those obtained for a at model. However
the onditions to hek to show that the isotropy is reahed are muh more
numerous and the variability assumption an not be raised easily. Let us
note however that this is tehnially feasible in the same way as for the
Bianhi type I model.
In order to desribe the urvature of the Bianhi models, we will introdue
new variables prexed w and similar to the three Ni variables dened by
arguments of symmetry of the struture onstants in [21℄ and [37℄.
4.2 Bianhi type II model
In order to rewrite the eld equations, we use the following variables:
x± = p±H−1 (46)
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y = πR30
√
Ue−3ΩH−1 (47)
z = pφφ(3 + 2ω)
−1/2H−1 (48)
w = πR20e
−2Ω+2(β++
√
3β−)H−1 (49)
Only one w variable is suient to desribe the urvature just as only one
variable Ni was suient in [21℄. Then the ondition
dβ±
dΩ → 0, neessary
to the isotropisation, writes x± → 0. It will be the same one for all the
Bianhi models for whom we will re-use the same variables x±, y and z. The
Hamiltonian onstraint and the eld equations rewrite like:
x2+ + x
2
− + 24y
2 + 12z2 + 12w2 = 1 (50)
x˙+ = 72y
2x+ + 24w
2x+ − 24w2 (51)
x˙− = 72y2x− + 24w2x− − 24
√
3w2 (52)
y˙ = y(6ℓz + 72y2 − 3 + 24w2) (53)
z˙ = y2(72z − 12ℓ) + 24w2z (54)
w˙ = 2w(x+ +
√
3x− + 12w2 + 36y2 − 1) (55)
The onstraint shows that the variables (46-49) are bounded. Moreover, we
nd the usual equation for the salar eld:
φ˙ =
12φ√
3 + 2ω
z
In order to determine the asymptoti behavior of the metri funtions and
potential, we will need to know the asymptoti behavior of the Hamiltonian.
We thus rewrite the Hamiltonian equation for H in the form:
H˙ = −H(72y2 + 24w2) (56)
It shows that H is a monotonous funtion keeping its initial sign during its
evolution. Consequently, one dedues from the lapse funtion that when H
is initially positive (negative), Ω → −∞ orresponds to late (respetively
early) times and vie versa when Ω→ +∞.
With these equations, we an from now on alulate the equilibrium points
of the equations (51-55). It omes:
• (y,w) = (0, 0)
• (x+, x−, y, z, w) = (1,
√
3, 0, 0,±i/2)
• (x+, x−, y, z, w) = (0, 0, ±
√
3−ℓ2
(6
√
2)
, ℓ/6, 0)
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• (x+, x−, y, z, w) = ( ℓ2−1ℓ2+8 ,
√
3 ℓ
2−1
ℓ2+8 ,±
√
12−3ℓ2
2(ℓ2+8) ,
3ℓ
2(ℓ2+8) ,±
√
(ℓ2−1)(ℓ2−4)
2(ℓ2+8) )
The rst one is suh as y = 0 and an thus be eliminated beause it does
not orrespond to a lass 1 isotropisation. The seond and the last ones do
not allow to obtain x± → 0. Consequently only the third equilibrium point
orresponds to an isotropi state if ℓ tends to a onstant suh as ℓ2 < 3.
It is similar to the one found for the at Bianhi type I model. In order
to nd the asymptotial behavior of w, we linearize (55) in the viinity of
equilibrium by negleting the variables w and x± tending to zero. It omes:
w → e(1−ℓ2)Ω
Linearising in the same way the equations (51-52) for x±, using the variability
assumption of ℓ2 and introduing this last expression for w , we obtain that
x± behave as the sum of two terms e2(1−ℓ
2)Ω
and e(3−ℓ
2)Ω
. Sine isotropy
needs x± → 0 and ℓ2 < 3, we dedue that it ours only when ℓ2 < 1 in
Ω → −∞. The speial value ℓ2 = 1 is not ompatible with the isotropy.
It may be dedued from our variability assumption of ℓ2 whih implies that
if ℓ2 → 1, ℓ2 − 1 disappears generally more quikly than Ω−1. But then,
w would tend to a non vanishing onstant whih is inompatible with the
expression of the equilibrium points. Finally we nd that asymptotially
x± → e2(1−ℓ2)Ω
The two limits ℓ2 < 1 and Ω → −∞ allow x± but also w to vanish: when
the Universe isotropises, it is forever expanding. In order to know if our
model may isotropise, it is also neessary to hek that p±e3Ω → 0 when
Ω → −∞. For that, we write p˙±/H like a funtion of x± and w and we
use their asymptoti behaviors. One then alulates that p˙±/p± tend to
the onstant −(1 + ℓ2). Consequently, p±e3Ω → e(2−ℓ2)Ω and disappear
when Ω diverges negatively and the neessary onditions for isotropy are
respeted. The asymptoti behaviors of the metri funtions and potential
are the same ones as for the Bianhi type I model and depend on the same
manner of disappearane or not of the funtion ℓ2 to the approah of isotropy.
Conerning the 3-urvature, it tends to zero when Ω → −∞, showing that
the Universe beomes at.
4.3 Bianhi type V I0 and V II0 models
Now the variables whih we will use are:
x± = p±H−1 (57)
y = πR30e
−3ΩU1/2H−1 (58)
z = pφφ(3 + 2Ω)
−1/2H−1 (59)
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w± = πR20e−2Ω+2β+±2
√
3β−H−1 (60)
The dierene with the Bianhi type II model is that we need two variables
wi to desribe the urvature, one of them (w+) being the variable w previ-
ously dened for this last model. This is in agreement with [21℄ where two
variables Ni are also neessary for these models. The Hamiltonian onstraint
is written:
x2+ + x
2
− + 24y
2 + 12z2 + 12(w+ ± w−)2 = 1 (61)
and the eld equations beome
x˙+ = 72y
2x+ + 24(x+ − 1)(w− ± w+)2 (62)
x˙− = 72y2x− + 24x−(w− ± w+)2 + 24
√
3(w2− −w2+) (63)
y˙ = y(6ℓz + 72y2 − 3 + 24(w− ± w+)2) (64)
z˙ = y2(72z − 12ℓ) + 24z(w− ± w+)2 (65)
w˙+ = 2w+
[
x+ +
√
3x− + 12(w− ± w+)2 + 36y2 − 1
]
(66)
w˙− = 2w−
[
x+ −
√
3x− + 12(w− ± w+)2 + 36y2 − 1
]
(67)
Anew we express the Hamiltonian equation for H aording to the variables
y and w±:
H˙ = −H
[
72y2 + 24(w+ ± w−)2
]
(68)
In the equations, the symbols ± orrespond respetively to the models of
Bianhi type V I0 and V II0. For the rst model, the onstraint (61) shows
that the variables are bounded. It is not the ase for the seond one: be-
ause of the minus sign, w+ and w− ould diverge if the dierene w+−w−
remains nished, thus respeting the onstraint. We will show at the end of
this setion that this is in fat impossible. Supposing that all the variables
(but φ!) are bounded allow to derive that isotropisation is impossible for a
bounded value of Ω. Indeed, if Ω→ const when the proper time t diverges,
dΩ/dt → 0. But from the form of the lapse funtion and owing to the fat
that dt = −NdΩ , we dedue that H should also tend to zero. It omes
then from the denition of the variables w± that they should diverge whih
is inompatible with the fat that they are bounded in the viinity of the
isotropy. Thus, the isotropisation an not lead the Universe to a stati state
and Ω diverges inevitably.
We alulate the equilibrium points of the equations system (62-67). It
omes:
• (y,w+, w−) = (0, 0, 0)
• (x+, x−, y, w+, w−) = (1, 0, 0, w+, w+)
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• (x+, x−, y, z, w+, w−) = (1,−
√
3, 0, 0, 0,±i/2)
• (x+, x−, y, z, w+, w−) = (1,
√
3, 0, 0,±i/2, 0)
• (x+, x−, y, z, w+, w−) = (0, 0, ±
√
3−ℓ2
(6
√
2)
, ℓ/6, 0, 0)
• (x+, x−, y, z, w+, w−) = ( ℓ2−1ℓ2+8 ,−
√
3 ℓ
2−1
ℓ2+8 ,±
√
12−3ℓ2
2(ℓ2+8) ,
3ℓ
2(ℓ2+8) , 0,±
√
(ℓ2−1)(ℓ2−4)
2(ℓ2+8) )
• (x+, 0, 0, 0,±i/2)
• (x+, x−, y, z, w+, w−) = (1,
√
3, 0, 0,±i/2, 0)
• (x+, x−, y, z, w+, w−) = (0, 0, ±
√
3−ℓ2
(6
√
2)
, ℓ/6, 0, 0)
• (x+, x−, y, z, w+, w−) = ( ℓ2−1ℓ2+8 ,−
√
3 ℓ
2−1
ℓ2+8 ,±
√
12−3ℓ2
2(ℓ2+8) ,
3ℓ
2(ℓ2+8) , 0,±
√
(ℓ2−1)(ℓ2−4)
2(ℓ2+8) )
• (x+, x−, y, z, w+, w−) = ( ℓ2−1ℓ2+8 ,
√
3 ℓ
2−1
ℓ2+8 ,±
√
12−3ℓ2
2(ℓ2+8) ,
3ℓ
2(ℓ2+8) ,±
√
(ℓ2−1)(ℓ2−4)
2(ℓ2+8) , 0)
For the same reasons as for the Bianhi type II model, the only equilibrium
points orresponding to an isotropi state are:
(x+, x−, y, Z,w±) = (0, 0,±
√
3− ℓ2(6
√
2)−1, ℓ/6, 0)
It will be real if ℓ2 tends to a onstant smaller than 3.
In the same way as for the Bianhi type II model, one an show that Ω is
a monotonous funtion of the proper time whose divergene in −∞ orre-
sponds to the late times if the Hamiltonian is initially positive. We also got
that the asymptoti behaviors of the funtions x±, w± , p±e3Ω, e−Ω and U
are asymptotially the same, and thus that ℓ2 < 1 when we approah the
isotropy.
All these results was shown not by onsidering the individual behaviors of
w+ and w− but by onsidering that w+ ± w− → 0. As we dedue from
this single limit that near the isotropi state w± → 0, it follows that these
variables are always bounded as stated at the beginning of this setion, and
in partiular for the Bianhi type V II0 model.
4.4 Bianhi type V III and IX models
We will use the following variables:
x± = p±H−1
y = πR30e
−3ΩU1/2H−1
z = pφφ(3 + 2ω)
−1/2H−1
wp = πR
2
0e
−2Ω+2β+H−1
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wm = πR
2
0e
−2Ω−2β+H−1
w− = e2
√
3β−
The variables wp and wm are not independent one of the other and near an
isotropi state, we have wp ∝ wm ∝ e−2ΩH−1. Let us note moreover that
w− is a positive variable. Three variables wi are thus neessary to desribe
the urvature in the same way that three variables Ni are used in [21℄ for
these Bianhi models. The Hamiltonian onstraint is written as:
x2+ + x
2− + 24y2 + 12z2 + 12[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)+
w2−(w3m − 2w3p)℄(w2−wp)−1 = 1
and the eld equations are:
x˙+ = 72y
2x+ + 24{w3p(x+ − 1)(1 + w4−)± w−(1 + 2x+)(wmwp)3/2(1 + w2−)
+w2−
[
(2 + x+)w
3
m − 2(x+ − 1)w3p
]
}(w2−wp)−1 (69)
x˙− = 72y2x− + 24{w3p
[
w4−(x− −
√
3) + x− +
√
3)
]
± w−(wmwp)3/2[w2−
(−√3 + 2x−) + (
√
3 + 2x−)℄+ w2−x−(w3m − 2w3p)}(w2−wp)−1 (70)
y˙ = y{6ℓz + 72y2 − 3 + 24[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w3m − 2w3p)℄(w2−wp)−1} (71)
z˙ = y2(72z − 12ℓ) + 24z[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w3m − 2w3p)℄(w2−wp)−1 (72)
w˙p = wp{−2 + 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w3m − 2w3p)℄(w2−wp)−1} (73)
w˙m = wm{−2− 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w3m − 2w3p)℄(w2−wp)−1} (74)
w˙− = 2
√
3w−x− (75)
The Hamiltonian equation for H beomes:
H˙ = −H[72y2 + 24(±2w
1/2
p w
3/2
m
w−
± 2w1/2p w3/2m w− − 2w2p + w
2
p
w2
−
+
w2pw
2− +
w3m
wp
) + 32(γ − 2)k2℄ (76)
The signs ± respetively represent the Bianhi type V III or IX models.
The onstraint shows that the variables are not neessarily bounded: if one
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of them diverges, this divergene an be ompensated by that of wm or wp.
Thus if we show that the isotropy ours only for bounded values of wm and
wp, it will mean that it ours only for bounded values of all the variables
(but φ!).
In order to ahieve this goal, we will write that near an isotropi state wp ∝
wm → w and w− → const 6= 0 and to simplify the explanations whih
will follow, we will suppose that wp → wm → w and w− → 1. Then the
onstraint of the Bianhi type V III model shows that all the variables are
positive and thus must take bounded values. With regard to the Bianhi
type IX model, let us suppose that w diverges. Then if one puts x± = 0,
we dedue from the onstraint that 3w2 → 2y2 + z2 − 1/12 and from the
equation for w˙ that 3w2 → 3y2−1/12, implying that asymptotially z2 → y2
and diverge like w2. However, with these limits one obtains from equations
for y˙ and z˙ that y˙ → 6ℓz2 − 3z and z˙ → −12ℓz2 +2z. Then the equilibrium
for y and z an be only obtained when z → 0 whih is in ontradition with
the divergene of z that we have just shown. One then dedues that an
isotropi equilibrium state is impossible if wp and wm diverge and that all
the variables must be bounded. It follows for the same reasons as for the
previous Bianhi models, that the isotropisation is impossible for a bounded
value of Ω.
One an also show that wp and wm an not tend to some non vanishing
onstants. Let us suppose that it is the ase and dene the two onstants w
and α suh as wp → w and wm → αw. We introdue these limits into the
equations for x˙± with x± = 0. It omes:
x˙+ = −24w2(1 +w−α3/2(1 + w2−)− 2w2−(1 + α3) +w4−)w−2− (77)
x˙− = −24
√
3w2(w2− − 1)(1 − α3/2w− + w2−)w−2− (78)
Then, for the Bianhi type V III model, one dedues that equilibrium for x±
will be reahed only if α tends to the omplex value (−1)2/3 or/and if w−
is negative what is impossible. For the Bianhi type IX model, equilibrium
for x± an be reahed if wp → wm (i.e. β± → 0) and w− → 1. Then, al-
ulating the orresponding equilibrium points, the only ones whih are real
and suh as wp and wm are dierent from 0 are (x+, x−, y, z, wp, wm, w−) =
(0, 0,±(6ℓ)−1, (6ℓ)−1,±(1−ℓ2)1/2(6ℓ)−1, 1). They hek the onstraint equa-
tion and are real if ℓ2 < 1. Moreover, one alulates that wp and wm tend
to ±(1− ℓ2)1/2(1− e
4Ω(ℓ2−1)+Ω0
ℓ2 +36ℓ2)−1/2 and thus reah equilibrium when
Ω → +∞. Introduing these expressions into x˙+, it omes then that x+
tends to a omplex value when Ω → +∞ and thus that these equilibrium
points are exluded.
Consequently as for the previous models, the only possible isotropi equilib-
31
rium points are suh as
(x+, x−, y, z, wp, wm, w−) = (0, 0,±
√
3− ℓ2(6
√
2)−1, ℓ/6, 0, 0, w−0)
w−0 being a onstant. The variables wm and wp behave asymptotially like
e(1−ℓ2)Ω and x± like e2(1−ℓ
2)Ω
. It follows that the asymptoti behaviors of the
metri funtions and the potential are the same ones asymptotially as for
the other models. However, the sign of the Hamiltonian (76) is not preserved
throughout the temporal evolution and it is thus not possible to know if the
limit Ω→ −∞ orresponds to the late or early times.
4.5 Disussion
Tehnially, ompared to the Bianhi type I model, there exist several dif-
ferenes:
• Put aside for the Bianhi type II and V I0 models, the onstraint does
not imply diretly that the variables x, y, z and w are neessarily
bounded. It must be shown that it is the ase when we approah a
stable isotropi state.
• It must be shown that the isotropy orresponds to a forever expansion
of the Universe (Ω→ −∞).
• It must be shown that the produt p±e3Ω tends to zero.
Physially, the models with urvature are more interesting than the models
with at spae setions beause they make it possible to show that then the
isotropisation of lass 1 is aompanied by an aelerated expansion and a
atness of the spae setions. This omes owing to the fat that the equilib-
rium points are suh as the variables w related to the urvature disappear
with the approah from isotropy, reduing the range of values in whih the
funtion ℓ must asymptotially tend in order to allow the isotropisation. The
asymptoti behaviors of the metri funtions and the potential are then the
same ones as for the Bianhi type I model beause the Hamiltonian and the
lapse funtion of the models with urvature behave asymptotially in the
same way as for the at model. Thus, we get the following result:
Let us onsider a minimally oupled and massive salar-tensor theory and
the quantity ℓ dened by ℓ =
φUφ
U(3+2ω)1/2
. The asymptoti behavior of the
salar eld to the approah of the isotropy is given by the asymptoti form of
the solution for the dierential equation φ˙ = 2
φ2Uφ
U(3+2ω) when Ω→ −∞. This
limit does not neessarily orrespond to the late times for the Bianhi type
V III and IX models ontrary to the other ones. A neessary ondition for
a lass 1 isotropisation is that ℓ2 < 1. If ℓ tends to a non vanishing onstant,
the metri funtions tend to tℓ
−2
and the potential disappears like t−2. If ℓ
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tends to vanish, the Universe tends to a De Sitter model and the potential to
a onstant. Whatever the urved Bianhi models, the Universe beomes at
and the expansion is aelerated.
Thus, the aelerated behavior of the Universe and its atness ould nd
a natural explanation through the fat that it isotropises. Let us notie that
the asymptoti behavior of the Bianhi type IX model is not osillatory.
However, this is not inompatible with a mixmaster behavior in the viinity
of a singularity as noted in [38℄. The existene of a single isotropi equilib-
rium state suh as the urvature tends to vanish an appear shoking but it
ould be due to the fat that we apply the variability assumption of ℓ.
Considering again the salar-tensor theory dened by
(3+2ω)1/2
φ =
√
2 and
U = emφ that we studied in the previous setions, one thus nds that a
neessary ondition for isotropy will be m2 < 2. A numerial integration for
the ase m = 0.8 and the Bianhi type IX model is illustrated on the gure
6.
Figure 6: Evolution of the variables x±, y, z, wp, wm and w− when
(3+2ω)1/2
φ
=
√
2,
U = emφ, R30 = (
√
24π)−1 and m = 0.8 with the initial values (x+, x−, y, z, wp, wm, w−, φ) =
(0.05, 0.83, 0.025,−0.12, 0.02, 0.002, 0.2). All the variables tend to their theoretially predited
equilibrium values.
5 Quintessene
In this setion, we will show that in the viinity of an isotropi state, the
salar eld may be quintessent under ertain onditions. A quintessent salar
eld is suh that the ratio of its pressure (5) and density (4) tends to a
onstant, this one having to be negative in order to be likely to explain the
reent aeleration of the Universe. The salar eld pressure is then negative.
To show the quintessene, one rewrites ρφ and pφ using the variables of the
Hamiltonian formalism. It omes:
ρφ =
H2e6Ω
288π2R60
3/2 + ω
φ2
φ˙2 + U/2 (79)
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pφ =
H2e6Ω
288π2R60
3/2 + ω
φ2
φ˙2 − U/2 (80)
In what follows, we will alulate for eah Bianhi models the ratio wφ =
pφ/ρφ and will determine the onditions suh that the salar eld be quintessent.
5.1 Bianhi type I model without a perfet uid
Using our previous results, we nd that:
H2e6Ω = x−20 e
2ℓ2Ω
3/2 + ω
φ2
φ˙2 = 2ℓ2 (81)
and
U =
3− ℓ2
72π2R60x
2
0
e2ℓ
2Ω
Then , we dedue:
ρφ =
3
144π2R60x
2
0
e2ℓ
2Ω ∝ t−2
pφ =
2ℓ2 − 3
144π2R60x
2
0
e2ℓ
2Ω ∝ t−2
Thus with the approah of the isotropy, the salar eld behaves like a perfet
uid with an equation of state pφ = wφρφ with wφ =
2
3ℓ
2 − 1 ∈ [−1, 1] and
the funtion of the salar eld ℓ an asymptotially be interpreted like the
barotropi index of this uid. It will be quintessent if ℓ2 < 3/2 what is
ompatible with the isotropisation. The WMAP
5
data show that wφ <
−0.78 what gives us ℓ2 < 0.33 and a deeleration parameter q = ℓ2 − 1 <
−0.67
5.2 Bianhi models with urvature without a perfet uid
The salar eld energy density and pressure behave in the same way but the
barotropi index is this time in the range wφ ∈ [−1,−1/3]: the salar eld
is always asymptotially quintessent when the Universe isotropises. It is in
agreement with the fat that its expansion is always aelerated.
5.3 Bianhi type I model with a perfet uid suh as Ωm → 0
The only thing whih hanges when we approah an isotropi state ompared
to the setion 5.1 is that ℓ2 < 32γ. Calulations relating to the salar eld
energy density and pressure are thus the same ones as in the absene of a
perfet uid but from now on wφ ∈ [−1, γ − 1]: aording to the value of γ
the salar eld will be (if γ ≤ 1) or not (if γ ≥ 1) always quintessent.
5
http://lambda.gsf.nasa.gov/
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5.4 Bianhi type I model with a perfet uid suh as Ωm 6→ 0
In this ase we have U ∝ ρm what results naturally in:
U = ρφ − pφ ∝ ρm (82)
If the salar eld is suh as ρφ ∝ pφ, that means that its state equation must
be the same one as that of the perfet uid beause it is the only means of
explaining why their energy densities, whih are obtained by writing their
onservation laws, sale in the same way. Let us hek it. Using the limits
above, we alulate that:
H2e6Ω
144π2R60
3/2 + ω
φ2
φ˙2 =
γ2
64π2R60x
2
0ℓ
2
e3γΩ
and
U =
γ(2− γ)
64π2R60ℓ
2x20
e3γΩ
Consequently, from (79-80), we obtain that pφ = (γ − 1)ρφ , whih is well in
agreement with (82) and the fat that to the approah of the isotropy, the
metri funtions tend to t
2
3γ
as if there were only the perfet uid and not
the salar eld: obviously, the salar eld is never quintessent.
5.5 Conlusion
When we onsider a salar eld, we found that the onstant to whih tends
the funtion ℓ at the time of the isotropisation an asymptotially be in-
terpreted as being the barotropi index of the state equation haraterizing
the salar eld. This one an then be quintessent with the approah of the
isotropy for the Bianhi type I model with or without a perfet uid suh as
Ωm → 0 if ℓ2 < 3/2. Without surprise, quintessene is impossible if Ωm 6→ 0.
On the other hand, in presene of urvature it is always the ase beause
isotropisation imposes that ℓ2 < 1.
6 General onlusion and perspetives
In this hapter, we onsidered the properties of the homogeneous osmolog-
ial models in salar-tensor theories with a minimally oupled and massive
salar eld and studied their isotropisation proess.
From the point of view of dynamial systems analysis, we deteted three
families of equilibrium points, orresponding to three dierent ways for the
Universe to reah isotropy and alled them lass 1, 2 and 3. We were inter-
ested in lass 1 and obtained results onsisting of:
1. the loation of the stable isotropi equilibrium points
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2. some neessary onditions for their existene, onstraining the salar-
tensor theories
3. the asymptoti behaviors of the metri funtions and salar eld.
Those of these results related to asymptotial behaviors were alulated un-
der the assumption that the Universe tends suiently quikly to its equi-
librium state. Mathematially speaking that means that when we approah
the isotropy, the variables appearing in the eld equations tend suiently
quikly to their equilibrium values so that one an neglet their variations
in the alulations. We showed how this assumption ould be raised with
regard to the funtion ℓ. On the other hand for the other variables, a per-
turbative study to the approah of equilibrium ould be neessary and some
progress will have to be made in this diretion to supplement the study of
the lass 1 isotropisation proess.
Finally, the state in whih the Universe is when it reahes the isotropy show
some interesting harateristis whih an be summarized in the following
way:
• the funtion ℓ = φUφU−1(3 + 2ω)−1/2 must tend to a onstant whose
biggest value is onstrained by the presene of urvature or perfet
uid.
• the Universe is expanding suh as the metri funtions tend to power or
exponential proper time laws and the potential respetively disappears
like t−2 or tends to a onstant.
• the presene of urvature favor late time aeleration and quintessene.
• the Universe is asymptotially at.
For the Bianhi type I model, our results an be summarized in table 2. In
presene of urvature but without a perfet uid, the results are similar but ℓ
must be smaller than one, thus supporting the appearane of an aelerated
expansion and of quintessene.
Other work is in hand on this subjet. Thus in [29℄, for the Bianhi type I
model when the salar eld is not minimally oupled, i.e. when we onsider
a gravitation onstant varying with the salar eld, we have also manage to
onstrain the salar-tensor theories in suh a way that they are ompatible
with the isotropisation. The asymptoti behaviors of the metri funtions
and the potential were also given but in the Einstein frame where φ is min-
imally oupled. It is indeed impossible to obtain these behaviors without
using quadrature when the eld is not minimally oupled. A ase of lass 2
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Isotropisation Asymptotial Quintessene
neessary onditions behaviors
Ωm = 0 ℓ
2 < 3 if ℓ2 6→ 0, e−Ω → tℓ−2 pφ = (23ℓ2 − 1)ρφ:
and U → t−2
if ℓ2 → 0, e−Ω → et Yes if ℓ2 < 3/2
and U → const
Ωm → 0 ℓ2 < 3γ2 idem as above idem as above
Ωm 6→ 0 ℓ2 > 3γ2 e−Ω → t
2
3γ pφ = (γ − 1)ρφ:
and U → t−2 No
Table 2: Isotropisation of the Bianhi type I model with a minimally oupled and massive
salar eld when the Universe reah suiently quikly its isotropi state.
isotropisation was deteted.
In [39℄, always for the Bianhi type I model, we generalized the results ex-
posed in this hapter in the presene of two salar elds. Suh theories an
be related to ompatiation proess or to the presene of omplex salar
elds. In this last ase, we have numerially observed that isotropisation was
mainly of lass 3.
In [30℄, we onsidered the Bianhi models with urvature in the presene of a
perfet uid suh as γ ∈ [1, 2] and showed that, ontrary to the Bianhi type
I model, the results obtained in the absene of perfet uid were unhanged
when Ωm → 0 whereas isotropisation was impossible when Ωm 6→ 0 exept
if γ < 2/3.
Finally in [40℄, we showed an interesting link between the salar-tensor the-
ories leading to isotropisation and those allowing a attening of the rotation
urves for the spiral galaxies: in both ases, the funtion ℓ must tend to a
onstant and the salar eld an be quintessent.
We hope having dened an operational framework able to guide future re-
searh on the subjet of the isotropisation of homogeneous but anisotropi
osmologies in salar-tensor theories. Amongst other things, it would be
signiant to take into aount the ases of a negative potential or Brans-
Dike oupling funtion. It would then orrespond to a non respet of the
weak energy ondition, assumption whih often appears in the literature but
whih still misses physial motivations. More signiant, it would be use-
ful to generalize our results when the onvergene to the isotropi state is
not suiently fast to neglet the terms of the seond order for the integral
of ℓ2 (variability assumption of ℓ) or for the bounded variables (xi, y, z, wj)
whih were used to rewrite the Hamiltonian equations. Lastly, an important
extension of our results would onsist of the study of lasses 2 and 3 isotropi-
sation whih were approahed only numerially through some appliations
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in papers that we evoke above.
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